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Oscillatory pumping tests were conducted at the Boise Hydrogeophysical Research Site. A periodic pres-
sure signal is generated by pumping and injecting water into the aquifer consecutively and the pressure
response is recorded at many points around the source. We present and analyze the data from the field
test after applying Fourier analysis. We then match the data with a recently derived analytical solution
for homogeneous formations to estimate the equivalent aquifer properties: conductivity K, specific stor-
age Ss and specific yield Sy. The estimated values are shown to be in agreement with previous estimates
conducted at this site. We observe variations in the estimated parameters with different oscillation
periods of pumping. The trend of the parameters with changing period is discussed and compared to
predictions by existing theory and laboratory experiments dealing with dynamic effective properties.
It is shown that the results are qualitatively consistent with recent works on effective properties of for-
mations of spatially variable properties in oscillatory flow. To grasp the impact of heterogeneity, a simple
configuration is proposed, helping explain the observed increase in effective conductivity with decreasing
period.

� 2015 Elsevier B.V. All rights reserved.
1. Introduction

Estimation of aquifer properties is essential in applications such
as aquifer management, remediation of contaminants, and oil or
gas exploration. Numerous approaches have been reported and
tested throughout the years. Pressure-based methods are those
for which changes in water pressure associated with aquifer
stimulations are measured and the most prominent of these are
constant rate pumping tests and slug tests. Oscillatory or periodic
pumping tests are alternative methods involving consecutive peri-
ods of pumping and injection resulting in alternating flow. These
tests have the following advantages. First, there is no net water
extraction from or injection into the aquifer avoiding possible costs
and risks associated with handling and treating contaminated
water. Second, periodic pumping should cause less contaminant
plume movement than a constant-rate pumping test. Third, the
oscillating signal of known frequency is separable from changing
background pressure. In petroleum applications, this means the
tests can be conducted without disrupting the production process.
Furthermore, testing over a range of frequencies is possible, a
widely applied and powerful tool in signal processing (see e.g.,
Oppenheim et al. (1989) and Zhao et al. (2009)). Finally, the zone
in which flow is influenced by pumping expands as period
increases, allowing gradual exploration of the spatial properties
of the aquifer.

In this work we present and analyze results from oscillatory
pumping field tests conducted at the Boise Hydrogeophysical
Research Site (BHRS) (Barrash et al., 1999). The experiments
involve short periods of oscillation between 10 and 75 s. We arrive
at large-scale equivalent or effective aquifer properties by match-
ing the field measurements with an analytical solution to a
three-dimensional partially penetrating well model of a homoge-
neous medium (Dagan and Rabinovich, 2014). Our first goal is to
evaluate the feasibility of using oscillatory tests for characterizing
aquifer properties. Our second goal is to investigate the behavior of
equivalent properties, namely conductivity K, specific storage Ss
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Table 1
Summary of oscillatory tests performed.

Test name Pumping interval elevation [m] Period [s] Stroke length [m] Discharge amplitude [liter/s]

0712 Test 1 836–837 73 0.7 0.06
0712 Test 2 836–837 46.5 0.7 0.095
0712 Test 3 836–837 65 0.7 0.068
0712 Test 4 836–837 30 0.7 0.147
0715 Test 4 839–840 69 0.7 0.064
0715 Test 6 839–840 40 0.7 0.11
0715 Test 7 839–840 28.5 0.7 0.154
0715 Test 9 841.5–842.5 59 0.7 0.075
0715 Test 10 841.5–842.5 40 0.7 0.11
0715 Test 12 841.5–842.5 31.5 0.7 0.14
0717 Test 2 836–837 15 0.22 0.092
0717 Test 3 836–837 9.8 0.22 0.141
0717 Test 8 841.5–842.5 24 0.22 0.058
0717 Test 9 841.5–842.5 18 0.22 0.077
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and specific yield Sy with changing period of pumping oscillation.
This may have important implications for future use of oscillatory
pumping, being a first step towards a more detailed and complex
investigation of aquifer properties.

The idea of periodic pumping tests is found in the literature as
far back as Kuo (1972) and the related method of pulse pumping
even earlier (Johnson et al., 1966). However, few oscillatory pump-
ing field tests have been previously reported. Rasmussen et al.
(2003) conducted a field test using a fully penetrating pumping
well with a large period of oscillation (1–2.5 h). They estimate
the aquifer properties using analytical solutions. Their results are
only for a single pumping frequency with no discussion of fre-
quency dependent properties. A more comprehensive field test
was performed in Renner and Messar (2006) on a fractured sand-
stone bedrock. A wide range of periods (10–5400 s) were applied
to a fully penetrating pumping well. The aquifer properties were
estimated using a simple analytical solution of infinite radial flow.
The variation of aquifer properties with pumping period was ana-
lyzed, however no detailed physical mechanism explaining the
period dependence was suggested. Additional analysis of data from
the Renner and Messar (2006) field test was presented in Fokker
et al. (2012b, 2013). Recently, Becker et al. (2010) and Guiltinan
and Becker (2015) performed periodic slug tests with periods of
1-4 min on a water-bearing bedding plane fracture. Parameters
were obtained by fitting data with an analytical solution of a fully
penetrating pumping well in a confined aquifer. The parameter
variation with period was closely examined in this work. Results
showed transmissivity decreases while specific storage increases
with increasing period and diffusivity varies by more than an order
of magnitude across the range of pumping periods tested. The
authors suggest this behavior is associated with flow in fractured
media and the details of this behavior were considered by them
to be an open question that deserves further analysis. Other
related, but less relevant, field tests are mentioned in Cardiff and
Barrash (2014) and summarized in their Table 1.

Analytical, numerical, and laboratory investigations on oscilla-
tory pumping tests have also been performed. Analytical solutions
and theoretical tools are presented in Black and Kipp (1981), Dagan
and Rabinovich (2014), Cardiff and Barrash (2014) and Hollaender
et al. (2002). Numerical methods tested on synthetic data are
reported in Ahn and Horne (2010), Fokker and Verga (2011),
Fokker et al. (2012a), Cardiff et al. (2013a) and Bakhos et al.
(2014). Laboratory experiments on oscillatory flow in rock samples
have been previously conducted, e.g., in Song and Renner (2007).

Many pumping tests attempt to predict the aquifer properties
by matching field data to a solution assuming homogeneity. We
refer to such estimated properties as ‘‘equivalent”. Our approach
uses measured periodic head fluctuations in observation wells to
identify aquifer hydraulic properties, which are estimated using
the best fit between measured and computed heads over all mea-
surements in space. These equivalent parameters assume spatial
homogeneity, but are allowed to vary with period of testing by
estimating them for each oscillation period independently. One
of the main findings is a change of equivalent properties with per-
iod, which can be attributed to spatial heterogeneity. Equivalent
properties are also related to effective ones, defined as a ratio
between average quantities, for example mean flux and mean head
gradient in the case of effective conductivity (e.g., Renard and De
Marsily, 1997). Here, we use the term ‘‘effective” to refer to such
properties, specifically we will discuss effective properties derived
stochastically (e.g., Dagan, 1986). This was the topic of recent
works (Rabinovich et al., 2013a,b) dealing with the dependence
of effective properties on frequency for one-dimensional mean
flow and we show by a simple model that the results are qualita-
tively consistent. However, the quantitative analysis of the impact
of heterogeneity is beyond the scope of the present study.

The discussion on effective properties in oscillatory flows is rel-
atively new. In Rabinovich et al. (2013a), frequency dependent
effective hydraulic properties were derived for a heterogeneous
media composed of randomly distributed spherical inclusions, for
the mean one-dimensional configuration of a semi-bounded
domain, with an oscillatory uniform head applied on the boundary.
This approach was extended to a log-normal distribution of perme-
ability in Rabinovich et al. (2013b). In these works the effective
properties were considered complex numbers. An important find-
ing is that for large periods the dynamic effective conductivity is
real and equal to the steady state property while for small periods
it increases with decreasing period. The analysis of the equivalent
and effective properties for the more complicated three-
dimensional oscillatory well flow is a topic not yet explored in
the stochastic context.

Even for analyses using homogeneous aquifer solutions, all of
the previous oscillatory pumping field tests did not consider the
impact of the presence of a water table and assume a confined
aquifer, neglecting specific yield. In constant rate pumping tests,
the specific yield is important and commonly computed assuming
instantaneous drainage (Moench, 2004). However, in high fre-
quency oscillatory flow the specific yield does not comply with this
assumption. The topic of specific yield in oscillatory flow has been
studied both theoretically, e.g., Green and Ampt (1911), Barry et al.
(1996) and in laboratory experiments, e.g., Nielsen and Perrochet
(2000) and Cartwright et al. (2003, 2005). Similar to the effective
conductivity and specific storage, the effective specific yield is
defined as a complex parameter and found to vary substantially
with frequency. The real part of the complex specific yield changes
from the steady state value (i.e., instantaneous drainage) at low
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frequencies to zero at high frequencies. This is the result of a
capillary fringe effect acting to limit the water exchange between
the variably saturated zone above the water table and the fully
saturated aquifer (Cartwright et al., 2003).

In this work we apply the solution of oscillatory well flow in
homogeneous aquifers to the analysis of results from testing data
collected at the Boise Hydrogeophysical Research Site (BHRS) and
advance the method of oscillatory pumping tests in a number of
ways. First, our pumping tests are three dimensional, i.e., pumping
is carried out in finite segments of the well as opposed to the pre-
vious tests where fully penetrating wells were used. This allows for
vertical flow as well as horizontal, thus sampling the media more
thoroughly. Second, we use here for the first time the analytical
solution from Dagan and Rabinovich (2014), allowing us to model
the partially penetrating finite length pumping well. This solution
also takes into consideration the water-table effect and allows esti-
mation of the specific yield. The analysis of specific yield for an
oscillatory field test has not been previously conducted, as far as
we are aware. Third, the large amount of data from previous field
tests conducted in the BHRS allows for a detailed comparison with
the current results and therefore a more comprehensive evalua-
tion. Finally, we investigate the period dependence of the equiva-
lent properties showing that the equivalent conductivity Keq,
specific storage Ss;eq and specific yield Sy;eq vary with period length
and the observed general trends are in agreement with existing
theory. We also provide a new mechanism by which low period
oscillatory flow in heterogeneous media will tend to increase flow
in high conductivity regions, thus increasing the equivalent
conductivity.

We note that this work may be considered as part of a larger
effort to develop an oscillatory hydraulic tomography (OHT) tech-
nique as suggested by Cardiff et al. (2013a). Previously, transient
hydraulic tomography (THT) has been suggested by Cardiff and
Barrash (2011) and shown to be feasible in Cardiff et al. (2012,
2013b). The analysis presented here could be considered as a first
step prior to an OHT analysis of aquifer properties.

The paper is organized as follows. Section 2 describes the field
site and experimental setup. In Section 3 we formulate the prob-
lem and present the homogeneous solution we utilize. We also dis-
cuss the data processing stage and the method for assessing the
aquifer properties using the analytical solution. Section 4 presents
results and discussion for the head amplitude and phase as well as
the estimated aquifer properties. Further discussion on the period
dependence of equivalent properties is given in Section 5. In Sec-
tion 5.1, we present a simple model to explain how the impact of
heterogeneity results in a dependence of effective properties upon
period of oscillation. A summary and application of previous
results concerning the dependence of specific yield on frequency,
based on laboratory tests, is given in Section 6. The paper is
concluded with a summary and conclusions in Section 7.
2. Field site and experimental setup

2.1. Field site

The BHRS is a research wellfield developed in an unconfined
aquifer at a gravel bar adjacent to the Boise River about 15-km
upstream from downtown Boise, ID, USA. Eighteen 10-cm ID wells
arranged in three rings around a central well (Fig. 1) were cored
and screened through 18–21 m of coarse cobble and sand sedi-
ments (Barrash et al., 2006) and completed in a clay layer below
the fluvial aquifer. The aquifer extends from the water table which
is commonly at an elevation of about 847.5 m above mean sea level
(AMSL) and down to the impervious aquifer bottom located at an
elevation of about 828.5 m. In the central part of the wellfield
(inset of Fig. 1) the aquifer stratigraphy, based initially on porosity
logs and core (Barrash and Clemo, 2002; Barrash and Reboulet,
2004) has been subsequently confirmed and refined with geophys-
ical studies (e.g., Clement and Barrash, 2006; Mwenifumbo et al.,
2009; Moret et al., 2006). Here the aquifer consists of four major
cobble-dominated units (Units 1–4) overlain by a sand channel
(Unit 5) that pinches out in the center of the wellfield and thickens
toward the Boise River. Of the major cobble-dominated units, Units
1 and 3 have relatively low porosity (mean 0.17–0.18) and porosity
variance; Units 2 and 4 have higher porosity (mean 0.23–0.24) and
more variable porosity, lithology, and facies composition (Barrash
and Clemo, 2002; Barrash and Reboulet, 2004). Unit 4 in particular
includes well-defined subfacies bodies such that the aquifer has at
least three hierarchical levels of organization (heterogeneity struc-
ture) between such subfacies, units, and the aquifer as a whole
(Barrash and Clemo, 2002). Such subfacies, based on outcrop expo-
sures and geophysical logs, have lens-like or patchy shapes with
long dimensions commonly smaller than 5 m and vertical dimen-
sion around 1 m.

Relative to other intensely monitored field research sites, the
BHRS has relatively low to moderate heterogeneity. Based on a slug
test data set for the thirteen central wells, as presented in Barrash
and Cardiff (2013) and Cardiff et al. (2011), the overall log10(K)
mean is �3.045 m/s (range is �4.192 to �1.80) and log10(K) vari-
ance is 0.093 (the commonly used ln(K) variance is therefore
0.49). K structure in the BHRS aquifer is generally related to the
first-order layering of the porosity-lithology-geophysical stratigra-
phy but K-facies are not as extensive as porosity-lithology-
geophysical units, and K-facies magnitudes are generally positively
correlated with porosity in the lower part of the stratigraphy but
negatively correlated with porosity in the upper part of the stratig-
raphy (Barrash and Cardiff, 2013; Cardiff et al., 2013b). K-facies
dimensions are generally 3–20 m laterally and 1–4 m, vertically
(e.g., Fig. 11 in Barrash and Cardiff (2013) and Fig. 10 in Cardiff
et al. (2013b)). A finer scale of K organization is evident from com-
parison of profiles of geophysical and K logs respectively, both indi-
vidually and from multivariate statistical analysis (e.g., Figs. 7 and
9 in Barrash and Cardiff (2013)). They indicate that K-subfacies
bodies can be identified at scales and positions similar to, and com-
monly coincident with, smaller-scale porosity facies described
above. Overall, geostatistical structure of K at the BHRS can be
modeled as an exponential structure having lateral correlation
lengths of x = 5.9 m and y = 4.3 m (x/y are parallel/perpendicular
to the Boise river) and vertical correlation length of 1.2 m
(Cardiff et al., 2011; Barrash and Cardiff, 2013).

2.2. Experimental setup

The experimental setup consists of four wells, as illustrated in
Fig. 2. Oscillatory pumping was carried out inWell B3 in a 1-m long
isolated zone of diameter 10 cm, sealed above and below with 1-m
long packers. In the pumping well, heads were measured in the
pumping zone and in the zones above and below. Oscillatory flow
was introduced using an in-well piston design developed for this
experiment. A piston at the land surface was moved by an electric
motor connected to a crankshaft which converted rotational
energy to reciprocal motion (see Fig. 3a). The surface piston
(7.62-cm diameter) was then hydraulically connected to the
sealed, down-hole piston (5.08-cm diameter) below the water
table (see Fig. 3b). This down-hole piston thus directly forced
water into the formation at the given testing interval during down-
ward piston movement and pulled water out of the formation dur-
ing upward piston movement. Test frequencies were set manually
(see Fig. 3a).

The pumping zone was varied to three different elevations, as
shown in Table 1, and periods ranged from 9.8 to 73 s. Pumping



Fig. 1. Map showing location of the Boise Hydrogeophysical Research Site relative to Boise river. Site coordinates: 43�32033.500N, 116�5050.500W. Inset shows layout of wells in
the central area of the site (figure from Cardiff et al. (2012)).

Fig. 2. The setup of pumping tests at the BHRS. Pumping is conducted in Well B3 and observation points are in Wells B1, B4 and C4.
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was typically conducted for a duration of 15–35 min depending on
the imposed period, with at least thirty periods observed. The
pumping flow rate is largely determined by the total volume of
water injected or extracted over half of a period, Qtot [liters]. This
is equivalent to the area of the piston (A ) multiplied by the shaft
stroke length (L). Our experiments consist of two different stroke
lengths as shown in Table 1, resulting in two different values of
Qtot . Assuming sinusoidal (or equivalently cosine) pumping of dis-
charge QwðtÞ ¼ jQwj sin 2pt=Pð Þ, the amplitude of the discharge is
given by

jQwj ¼
p
P
Qtot ¼

pAL
P

ð1Þ
where P is the period of oscillation. The values of jQwj for each field
test are shown in Table 1 where the dependence both on period and
stroke length can be seen.

Three observation wells were used, located at lateral distances
of 3.57–10.55 m from the pumping well (see Fig. 2) with observa-
tion intervals spaced about 2 m apart (i.e., 1-m observation zones
separated by 1-m long packers). Small-diameter fiber-optic pres-
sure transducers (FISO Technologies, model FOP-MIV-NS-369)
with precision of less than 1 mm were placed in tubes connected
to the observation points. The transducers measured pressure at
time intervals of 6:2� 10�4 s. A larger time step of 0.1 s was taken
every 30 measurements in order to reduce the large amounts of
stored data.



Fig. 3. (a) Oscillating signal generator surface configuration and components: 1. Fly
wheel to drive piston and provide sinusoidal signal. Range of attachment positions
for adjusting driving piston stroke length (i.e., injection or withdrawal volume); 2.
chamber for driving piston; 3. hydraulic hoses to actuate downhole piston
movement (hydraulic fluid is water); 4. motor (5 hp, DC); 5. manual control for
flywheel rotation rate (i.e., oscillating signal frequency). (b) Oscillating signal
generator downhole components labeled in order of insertion into a well. Tubing for
packer inflation and for measurement of hydraulic head below, within, and above
the zone of oscillating injection/withdrawal are not shown: 1. Straddle packer
below zone of oscillating injection/withdrawal; 2a. zone of oscillating injection/
withdrawal; 2b. straddle packer above zone of oscillating injection/withdrawal.
Riser inside packer is open to piston chamber above and injection/withdrawal zone
below; 3a. piston chamber; 3b. sealed piston actuation chamber; 4. hydraulic hoses
connecting downhole piston actuation to surface driving piston.
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3. Data analysis

In this section we describe the procedure for processing the
data from the experiment and for parameter estimation.

3.1. Governing equations

We consider an aquifer of unbounded horizontal extent in the
x; y plane and of finite depth zA, with the water table at z ¼ 0 when
undisturbed (�zA < z < 0). A partially penetrating well of radius rw
and length Lw lies along the z axis at �zw < z < �zw þ Lw. The flow
is governed by Darcy’s law and the mass conservation equation
resulting in

SsðxÞ @Hðx; tÞ
@t

�r KðxÞrHðx; tÞ½ � ¼ qwðx; tÞ; �zA 6 z 6 z0 ð2Þ

where t [s] is time, H [m] is head, K [m/s] is conductivity, Ss [1/m] is
specific storage, qw [1/s] is the well term, x ¼ ðx; y; zÞ [m], the
unperturbed water table is at z ¼ 0 and z0 is the water-table eleva-
tion. The water-table boundary condition is given by

Sy
@H
@t

þ K
@H
@z

� KrH � rH ¼ 0; z ¼ z0 ð3Þ

where Sy [–] is the specific yield. The boundary conditions at the
impervious aquifer bottom and far from the well are given by

@H
@z

¼ 0; z ¼ �zA ð4aÞ
H ! 0; R ! 1 ð4bÞ

where R ¼ ðx2 þ y2Þ1=2 is the horizontal coordinate.
The problem is involved because of the nonlinearity of Eq. (3),

the spatial variability of K, and the well geometry. We therefore
adopt a few simplifying assumptions, commonly used in the
literature on the topic. First, the free surface condition (Eq. (3)) is
linearized (e.g., Dagan, 1967) by neglecting the quadratic term,
assuming that the water-table drop is small compared to the
aquifer thickness at rest (z0 � zA). Subsequently, the flow domain
becomes zA < z < 0, and Eq. (3) is posed on z ¼ 0 rather than
z ¼ z0. The well is modeled as usual by a sink/source line; that is,
it is assumed that rw � Lw (in our field test rw=Lw ’ 0:1). For the
analysis considered in this work, we are interested in a solution
for a homogeneous medium and an equivalent specific yield,
i.e., K; Ss and Sy are assumed constant.

In oscillatory pumping the well discharge per length is a
harmonic function of time, which is convenient to represent as
the real part of a complex variable, i.e.,

QwðtÞ ¼ jQwjRe exp
2pit
P

� �� �
ð5Þ

where jQwj is positive and constant and P is the period of the oscil-
lations. After a sufficiently long time from the inception of the
pumping, the head also becomes harmonic and we consider here
this steady periodic regime solely (a discussion of the transient
regime is given by Cardiff et al. (2013b) and Bakhos et al. (2014)).

Incorporating the simplifications discussed above and

substituting QwðtÞ ¼ jQwj expð2pit=PÞ; Hðx; tÞ ¼ eHðxÞ expð2pit=PÞ
in Eqs. (2)–(4) we arrive at the following set of equations

2pi
P

Ss eH�Kr2 eH ¼�jQwj vðzþDwÞ�vðzþLw�DwÞ½ �dðxÞdðyÞ; z<0

ð6Þ
2piSy
P

eH þ K
@ eH
@z

¼ 0; z ¼ 0 ð7Þ
@ eH
@z

¼ 0; z ¼ �zA ð8aÞeH ! 0; R ! 1 ð8bÞ

where v is the Heaviside step function and d is the Dirac operator.

We note that the solution eH is the complex phasor and the actual

head is H ¼ Re½eHe2pit=P �, not in phase with Qw (Eq. (5)) if

Im½eH�– 0. For large periods, the problem reduces to a quasi-

steady state one, i.e., Im½eH� ¼ 0 and H ¼ eH cosð2pt=PÞ. The solution
to Eqs. (6)–(8) is derived in Dagan and Rabinovich (2014) and
summarized in Appendix A. We note that simplified solutions to
these equations pertaining to an oscillating point source in an
infinite medium and an unconfined aquifer are also presented in
the appendix (Eqs. (A3) and (A4), respectively).
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3.2. Data processing

The data acquired from the field tests consists of hydraulic head
as a function of time (see Fig. 4a). In order to match the data with
the semi-analytical solution and also to remove any noise, it is
beneficial to apply a Fourier analysis to the time series. Fourier
analysis is a decomposition of a time series into a sum of harmonic
functions, reducing it to amplitude and phase of oscillations at
distinct frequencies (f ¼ 1=P).

First, two initial periods of data were removed in order to avoid
transient flow associated with the onset of pumping, thus assuring
steady periodic flow. Then, the time series was truncated so that
the total time is a multiple of the period in order to minimize spec-
tral leakage. The time series is then interpolated to assure equal
time increments between samples. Following this process a fast
Fourier transform (FFT) is applied resulting in amplitudes and
phases for each frequency. Fig. 4b depicts the results of the FFT
applied to the time series of a single observation point. It can be
seen that there is one dominant frequency (f 1) corresponding to
the induced pumping frequency. Additional dominant frequencies,
which are multiples of f 1, also take part in the construction of the
time series. These reflect the fact that due to machinery imperfec-
tions the signal generated by our pump is not a perfect sinusoid,
but rather a sum of harmonics.

In this work we focus our attention on the first dominant fre-
quency, using only a single harmonic to represent the signal and
thus simplifying computations in the comparison with the semi-
analytical solution. However, the theoretical solution used here
can be extended to incorporate multiple frequencies, taking advan-
tage of the linearity of Eqs. (6)–(8). We note that apart from the
dominant frequencies, all other frequencies in Fig. 4b appear to
be significantly lower, thus pointing to low noise. This is not always
the case and noise is apparent in some of the data, particularly in
very low frequencies, suggesting transient noise of some sort.

Next, we select only data which appear to be of good quality as
determined by the following criteria. The data from the transducer
in the pumping zone inWell B3 represents the quality of the pump-
ing signal and therefore is used to asses the quality of thewhole test.
Two criteria are evaluated for this data. The first is a ratio,
Q1 ¼ jHf 2 j=jHf 1 j, where jHf 1 j and jHf 2 j are the head amplitudes of
the first and second dominant frequencies, respectively. A large
ratio suggests that the additional frequencies may be significant
and therefore an analysis using only the first frequency is not appro-
priate. We use only tests where Q1 < 0:5, i.e., the first frequency
amplitude is at least twice that of the second frequency. The second
criterion is a measure of how much of the original signal is repro-
duced by the harmonic of the first frequency alone. This is repre-
sented by the ratio between variances and the criterion is as follows:

Q2 ¼ 1� Var HF � Hf 1

� �
Var HF½ � > 0:6 ð9Þ

where HF is the full time series. Fig. 4 shows a comparison between
HF ; Hf 1 and Hf 2 , where criteria values are Q1 ¼ 0:36 and Q2 ¼ 0:89.

Any time series which displays non-periodic behavior, i.e., no
dominant frequencies in the Fourier domain, is not used. In addi-
tion, data from observation wells which have dominant periods dif-
ferent than that of the pump signal, as determined by the first
frequency of the FFT, are also discarded. Finally, 3 tests with a lower
packer pressure were suspected of having leakage and therefore
also removed. In total, only 14 tests (see Table 1) out of the 47 tests
conducted were used for the results that follow. However, this is
most likely due to the stringent criteria we have adopted and the
use of prototype equipment. The criteria can be loosened if neces-
sary, particularly when using multi-frequency components of the
FFT. In each of the 14 tests used we typically discard only data from
3 to 4 transducers (usually the same ones, indicating amalfunction)
out of the total 25 transducers in the observation wells.

3.3. Method of parameter estimation

We now turn to estimation of the aquifer equivalent properties,
i.e., conductivity Keq, specific storage Ss;eq and specific yield Sy;eq.
This is achieved by matching solutions of the homogeneous model

with data amplitudes and phases. In the following, we denote Hfield
j

as the head data from observation point j in the field test and Hmodel
j

as the solution located at observation point j. We note that when
comparing the phase, /H , a reference phase must be defined, pre-
sumably the phase at the pump. However, we found that the
amplitude and phase measured at the pump are not reliable and
lead to unreasonable phase differences with observation wells.
This is expected as the transducer is in the pump zone where tur-
bulence may be significant. Here, we will consistently use an
observation point in Well B4 as the reference phase for calculating
/H . Our results were found to be sensitive to the choice of the ref-
erence phase, however errors were found to be only up to 50%,
which is reasonable for this type of analysis. Furthermore the
trends remain the same regardless of choice of reference phase.

The first analysis for property estimation is done using the sim-
pler solution for a confined aquifer, Eq. (A4). The phase from Eq.
(A4) is only dependent on the diffusivity K=Ss. We can therefore
use /H to obtain K=Ss by a least squares method. We search for
K=Ss which minimizes

XN
j¼1

/Hfield
j

� /Hmodel
j

� �2
ð10Þ

where N is the total number of observation points. Then, we use the
amplitude to find K which minimizes

XN
j¼1

jHfield
j j � jHmodel

j j
h i2

ð11Þ

and consequently obtain Ss as well.
Next, we use the full solution of Eq. (A1), incorporating Sy . Here,

the solution for the phase is dependent on two parameters, Ss=Sy
and Sy=K. We find these by minimizing Eq. (10) and then match
the amplitude minimizing Eq. (11) to obtain K; Ss and Sy.

4. Results and discussion

4.1. Analysis of measurements

The data processing procedure described in Section 3.2
produces amplitude and phase for each observation point.
Observed amplitudes range between 0.1 and 10 mm. They depend
on the period of oscillation P both through Eq. (A1) and through the
imposed amplitude jQwj as shown in Eq. (1). It can be seen in
Eq. (A1) that the dependence of jHj on jQwj is linear (we note that
a dependence of Sy;ef on jQwj is suggested in Section 6, however this
has a minor effect on jHj). To remove the impact of variations in
jQwj, we consider from here on a non-dimensional head
Kref jHj=jQwj, where Kref is taken as 5 � 10�4 m/s from averaging of
previous field campaign results for conductivity.

Field test results are illustrated in Fig. 5 for the non-dimensional
head amplitude and phase in the three observation boreholes and
for three periods of oscillation. In Fig. 5a, it can be seen that the
amplitude generally has a maximum near the elevation of the
pump (zw ¼ 840 m) and it decreases with distance from the pump.
The maximum amplitude in Well C4, farthest from the pumping
well, is recorded in an observation zone below the pump at an ele-
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vation of about 834 m. A possible explanation for this is the impact
of heterogeneity. Previous results (see Fig. 9 in Cardiff et al.
(2013b)) show that in Well C4 a minimum in conductivity occurs
at about 834 m and this may result in increased head there (head
increases with decreasing conductivity as seen in Eq. (A1)).

Fig. 5a also shows an increase in amplitude with increasing per-
iod. This behavior is fundamental in oscillatory flow, where low
period pressure oscillations will attenuate over shorter distances,
as observed by Eq. (A3). The head phase shown in Fig. 5b increases
with distance from the pumping well in agreement with Eq. (A3).
This represents the time lag between the source signal at the pump
and the observationwells. It can also be seen that the phase is larger
for smaller periods, as low period pressure signals ‘‘travel” slower
(Eq. (A3)). Overall, the head curves in Fig. 5 display a similar struc-
ture, showing consistency between the three different field tests.

Fig. 6 illustrates the dimensionless head amplitude at Well B4,
elevation 837.7 m as a function of period for all field tests. The
increase in amplitude with period can be observed consistently.
For comparison, the inset shows theoretical results for head ampli-
tude subjected to an oscillating point source in an infinite medium
(Eq. (A3)). It clearly demonstrates the same trend of change with
period (though the amplitude is lower due to the different geome-
try and impact of heterogeneity). The consistency of our field test
measurements can also be evaluated observing Fig. 6. For tests
with pump elevation of 838 and 842.5 m, amplitude increases
coherently with period, despite tests being conducted non-
consecutively, sometimes on completely different days.

The effect of the pump elevation can also be seen in Fig. 6. For
Dw ¼ 837 m (green1 curves) the observation point is closest to the
pump and therefore the amplitudes are largest, while for
Dw ¼ 842:5 m (red curves) the observation point is farthest from
the pump and the amplitudes are smallest.

4.2. Parameter estimation

Parameter estimation is performed matching the measured
amplitudes and phases with the analytical solutions of a confined
aquifer (Eq. (A4)) and unconfined aquifer (Eq. (A1)), as explained
in Section 3.3.
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4.2.1. K and Ss
Results for Keq are presented in Fig. 7a. Values range between

2—7� 10�4 m/s and are in good agreement with previous esti-
mates, i.e., Keq ¼ 2� 10�4 m/s (Cardiff et al., 2013b) and

Keq ¼ 8:9� 10�4 m/s (Barrash and Cardiff, 2013). A clear trend is
observed in which Keq hardly varies for large P yet increases with
decreasing period for small P. A similar trend was observed by
Becker et al. (2010) and Guiltinan and Becker (2015). This is char-
acteristic of dynamic effective conductivity (Rabinovich et al.,
2013a,b), denoted Kef , where the real part of Kef tends to the steady
state Kef at low frequencies (large P) and increases at high frequen-
cies (small P ). Further discussion is given in Section 5. Fig. 7b pre-
sents results for Ss;eq. Values range between 0:65—2:4� 10�5 m�1

for the confined aquifer analysis and 0:25—0:95� 10�5 m�1 for
the unconfined aquifer model (limited to larger periods). Much less
work has been conducted at the BHRS on specific storage estima-
tion, yet previous estimates of about 3� 10�5 m�1 have been
reported in Barrash et al. (2006), which is in reasonable agreement
with our results. A similar trend with period that was observed for
Keq is also seen for Ss;eq (further discussion in Section 5).

Altogether, Fig. 7 shows reasonably low variations in parameter
estimation between the different tests and a fairly consistent trend
(which can be attributed to the impact of heterogeneity). This sup-
ports the reliability of the experiment and method. A slight
increase in Keq is seen as the pumping zone elevation is raised. This
is most likely due to changes in the aquifer properties near the dif-
ferent pumping locations. In fact, previous analyses show that con-
ductivity in the pumping well (B3) increases with elevation in the
range of our pumping zones (see Barrash and Cardiff (2013),
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Fig. 3d, Units 3,4), in agreement with the increase of Keq seen here.
Fig. 7 also shows that using the unconfined aquifer model does not
significantly alter the results, however a small decrease in Keq and
Ss;eq is seen. This is because allowing flow in the upper boundary of
the model acts to reduce head amplitudes leading to lower esti-
mates of Keq and Ss;eq (model amplitude increases with decreasing
K and Ss as observed through Eqs. (A1) and (A3)). Although the
unconfined model was seen to have a small contribution in
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estimating aquifer conductivity and specific storage, it is essential
for estimating the specific yield.

4.2.2. Sy
Results for equivalent specific yield are presented in Fig. 8 for

pumping in the highest interval, the one closest to the water table.
For pumping tests in lower zones, i.e., zw ¼ 840 and zw ¼ 837 m,
results are not shown since a minimum of Eq. (10) is not obtained
as required in the parameter estimation procedure. Values of Sy;eq
are very low, ranging between 0:9—1:6� 10�4. Previously, values
of Sy ¼ 0:01—0:06 were reported by Barrash et al. (2006) for con-
stant rate pumping tests, two orders of magnitude larger than
those found here. A similar finding of low Sy in periodic pumping
is mentioned in Rasmussen et al. (2003). Part of the reason for this
difference is that an oscillating water table behaves quite differ-
ently than in conventional pumping tests, particularly at short
periods. Capillary fringe forces act to limit the moisture exchange
between the saturated zone below the water table and the partially
saturated zone above. This has been the subject of a number of
investigations relying on laboratory experiments, e.g., Nielsen
and Perrochet (2000) and Cartwright et al. (2003, 2005). They show
that Sy;ef may decrease by more than two orders of magnitude at
small periods of oscillations, compared to the steady state (instan-
taneous drainage) Ssty;ef prevailing at large periods. The trend
observed in Fig. 8 of decreasing Sy;eq with smaller periods is in line
with the trends reported in laboratory experiments. Further dis-
cussion on the results for Sy;eq and its variation with period appears
in Section 6.

5. Discussion on period dependence of K and Ss

For a discussion of period dependence found in our field test
results, we turn to consider previous work on this matter. In
Renner and Messar (2006), period dependence of properties was
hypothesized to be related to a ‘‘backbone” of high conductivity
surrounded by stagnant ‘‘dead end” zones. Later, Cardiff et al.
(2013a) showed that different periods of oscillations lead to
changes in sensitivity maps. This implies that equivalent properties
effectively average over different regions, which in a non-
stationary media results in period dependence. We note that both
explanations may be valid and Guiltinan and Becker (2015) even
suggest that the changes in sensitivity maps may turn out to be a
generalization of the ‘‘backbone” conceptualization. It would be
valuable in the future to evaluate these in view of our field test
results, however, this is beyond the scope of the current work.

Here, we will discuss theoretical results of equivalent properties
which can give intuition on one hand and may be further devel-
oped in the future for quantitative comparisons with field test
results. This could be a step towards a quantitative comparison
between the impact of sensitivity changes, suggested by Cardiff
et al. (2013a), and theoretical results for equivalent properties, in
order to determine the mechanism responsible for the period
dependence. Our discussions will focus on effective aquifer proper-
ties (Kef ; Ss;ef ) in oscillatory flows, derived analytically. We will
also present a simple mechanism for Kef variations with period
which may shed some light on our field test results.

Effective properties are typically defined by averaging the gov-
erning equations, i.e. Eq. (2) as

hqi ¼ �Kef hrHi; r � hqi ¼ �Ss;ef
@H
@t

� 	
ð12Þ

where q is the specific discharge and h i denotes ensemble or spatial
averaging. In the case of oscillatory flow, each term in Eq. (12) is
represented by an amplitude jHj and phase /H , for instance
H ¼ jHj sinð2pt=P þ /HÞ. Generally, it is not possible to define a
single effective property relating between both amplitude and
phase. Therefore, we adopt the approach of Rabinovich et al.
(2013a,b), defining dynamic effective properties in a complex repre-
sentation prescribed by Eq. (6) as follows:

heqi ¼ �Kef hreHi ð13aÞ

r � heqi ¼ �2pi
P

Ss;ef heHi ð13bÞ

where q ¼ eq expð2pit=PÞ and H ¼ eH expð2pit=PÞ. This approach has
been widely used on smaller scales, e.g., Smeulders et al. (1992),
where pore scale flow is averaged to the Darcy scale.

It is our assumption here that the equivalent properties esti-
mated in our field tests are closely related to the effective proper-
ties for one-dimensional flow as far as the dependence on
frequency is concerned. We also note that our estimated properties
from the field tests are real valued while those defined by Eqs. (13)
are complex. In theory, complex equivalent properties can be esti-
mated in our field tests by allowing K and Ss to be complex when
minimizing Eqs. (10) and (11). However in practice this makes
the process of converging to a global minimum much more diffi-
cult as the number of unknowns is increased. In this work, we
attempted to seek complex equivalent properties but were not able
to obtain a global minimum for the imaginary part of the parame-
ters. Nevertheless, we found that the real part of the properties
converges to a global minimum and values are similar to those
shown in Fig. 7. This is in line with results from Rabinovich et al.
(2013a) showing that in most cases the real parts of Kef and Ss;ef
are a good approximation for the effective properties and the imag-
inary part can be dropped.

Previous work by Rabinovich et al. (2013a) and later by
Rabinovich et al. (2013b) derived Kef for flow in an aquifer with
an oscillating boundary. Heterogeneity was represented by spher-
ical inclusions randomly distributed in a dense configuration with
conductivities drawn from a log-normal distribution. Specific stor-
age was assumed constant. The conditions under which Kef was
derived are different from those in our pumping tests and a com-
prehensive comparison cannot be carried out between the two.
Nevertheless, in both Rabinovich et al. (2013a,b) results showed
that Kef always increases as periods of oscillation decrease, in
agreement with our field test results and also previous field tests
by Guiltinan and Becker (2015).

In Rabinovich et al. (2013a), effective specific storage is also
derived. Results show that Ss;ef may increase or decrease with
smaller periods, depending on the specific storage contrast
between spherical inhomogeneities and the background media.
In fact, previous field test results by Guiltinan and Becker (2015)
show decreasing specific storage with smaller periods as opposed
to results in Fig. 7b. This is presumably because their field site
heterogeneity is substantially different than in this work, particu-
larly the field site in their experiment consists of a fractured bed-
rock and pumping is conducted in a target fracture.

5.1. Mechanism of period dependence

In the following we explore a simple case of a spherical inhomo-
geneity subjected to oscillatory flow in order to draw insight on the
period dependence of Keq. The mechanism found to be responsible
for this behavior may help explain the observed trends in our field
experiment.

We consider a single spherical inclusion of radius R and diffu-
sivity ain ¼ Kin=Ss;in in a semi-infinite medium of diffusivity
a0 ¼ K0=Ss;0, subjected to oscillatory flow (see Fig. 9). The sphere
is located at a distance d from a planar boundary of oscillating head
with period P. Details on this problem and a semi-analytical solu-
tion are given in Rabinovich et al. (2012) (see also Rabinovich
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(2015) for a solution to the two-dimensional case). We define a box
region of Lb � Lb enclosing the inclusion and proceed by calculating
the equivalent conductivity Keq for that box region. The calculation
is dependent on the following non-dimensional parameters;
j ¼ Kin=K0, S ¼ Ss;in=Ss;0, P� ¼ Paex=ðpR2Þ, d� ¼ d=R and L�b ¼ Lb=R.
Results for Keq are shown in Fig. 10a where the general trend with
period is seen to be the same as in the field test results (Fig. 7a) and
as Kef from Rabinovich et al. (2013b).

Fig. 10 depicts an example case with parameters
j ¼ 0:01; S ¼ 1; d� ¼ 3 and L�b ¼ 4. The complex equivalent con-
ductivity depicted in Fig. 10a is defined by Eq. (13a). The average
gradient in the z direction is calculated as follows

@ eH
@z

* +
¼ 1

L2b

Z Lb

�Lb

Z Lb

�Lb

@ eH
@z

dxdz: ð14Þ

The problem is axisymmetrical around the z axis and therefore inte-
gration in the y direction is unnecessary and average gradients in
the x and y directions are zero. The gradient can also be written
as a sum of the averages in the interior and exterior of the sphere.
i.e.

@ eH
@z

* +
¼ @ eH

@z

* +
ex

þ @ eH
@z

* +
in

¼ Jex þ Jin ð15Þ

where the average gradient is denoted J. The average flux can be
written as
heqi ¼ Kex
@ eH
@z

* +
ex

þ Kin
@ eH
@z

* +
in

¼ KexJex þ KinJin ð16Þ

and by Eq. (13a) the equivalent conductivity follows as

Keq ¼ K0Jex þ KinJin
Jex þ Jin

: ð17Þ

Let us consider K1
eq and K2

eq corresponding to two different
periods, P�

1 and P�
2 where P�

1 > P�
2 and keep all other parameters

the same. We seek the conditions for which

K0J
1
ex þ KinJ

1
in

J1ex þ J1in
<

K0J
2
ex þ KinJ

2
in

J2ex þ J2in
ð18Þ

where we neglect the imaginary parts of J1in; J2in; J1ex; J2ex. After some
basic algebra the solution for the above inequality is given by

Kin < K0 ð19aÞ
J2ex
J1ex

>
J2in
J1in

ð19bÞ

where we assume J1in; J2in; J1ex; J2ex are positive as they were found to
be in the example in Fig. 10. The condition in Eq. (19a) indicates that
the increase in Keq is associated with low conducting inhomo-
geneities as was shown in Rabinovich et al. (2013b). The condition
in Eq. (19b) suggests that when decreasing the period, the increase
(decrease) in gradient outside of the sphere is larger (smaller) than
inside the sphere. This seems to be the important contributing fac-
tor for the increase of Keq.

Fig. 10b illustrates C ¼ ðJ2in=J1inÞ=ðJ2ex=J1exÞ for an example case. It
can be seen that C at large P� converges to unity, i.e., the exterior
and interior gradients change by the same factor and Keq remains
unchanged (Fig. 10a). This is typical of a slowly varying or quasi-
steady state in which the mean flow is uniform in the vicinity of
the sphere (see Rabinovich et al. (2012) for more on the quasi-
steady state). For small P� we see that C decreases, dropping below
unity, suggesting the exterior gradient increases more (or
decreases less) than the interior. This occurs when the mean flow
near the sphere is nonuniform (varies exponentially in this case)
and the exterior diffusivity is much larger than the interior. It indi-
cates that the flow prefers the highly conducting media outside of
the sphere and thus overall, conductivity is increased. We note that
this mechanism may be somewhat similar to the ‘‘backbone”
mechanism suggested by Renner and Messar (2006), although they
focus on the period dependence of the storage rather than the
conductivity.
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6. Comparison of the findings for Sy;eq with previous laboratory
based results

The estimation of specific yield is a topic of ongoing controversy
in the literature. Despite recent research, e.g., by Mishra et al.
(2013), Mathias and Butler (2006) and Tartakovsky and Neuman
(2007), the impact of drainage from the unsaturated zone is still
not fully understood, even in constant rate pumping tests. For field
scale oscillatory pumping tests, there is hardly any record of Sy
estimation. We therefore discuss our results in comparison to pre-
vious theoretical and laboratory work, with hopes of stimulating
future work dedicated to this issue.

The impact of the water-table fluctuations is taken into consid-
eration in our analysis through Eq. (7). The specific yield in Eq. (7) is
an effective property, i.e., it is assumed to be a property of the med-
ium, independent of time and location. Such an approach is com-
mon in modeling constant rate pumping tests, where Sy is
commonly obtained by assuming instantaneous drainage to arrive
at Ssty;ef . In the case of oscillatory flow, we allow Sy;ef to be a function

of period, deviating from Ssty;ef . Investigations of Sy;ef in oscillatory
flow have been conducted both in theory and experiment. A capil-
lary fringe effect has been found to play a significant role in deter-
mining Sy;ef . Here, we follow the approach of Cartwright et al. (2005)
and compare our field test results with their experimental results.

The effective specific yield is defined as

Ssty;ef
@htot

@t
¼ Sy;ef

@h
@t

ð20Þ

where h is the water-table height and htot is the equivalent
saturated height of the total moisture. Sy;ef is generally complex as
fluctuations in the equivalent saturated height are both damped
and lagged relative to those of the water table. In Cartwright et al.
(2005), experiments on a sand column are conducted to find Sy;ef
as a function of period as follows

Sy;ef ¼
Ssty;ef

1þ 2:5iðbPÞ�2=3 ð21Þ

where

bP ¼ TK
2pSsty;ef Hw

: ð22Þ

Here, Hw is the equivalent steady saturated height of the capillary
fringe computed from the measured first drying curves by

Hw ¼
Z 1

h

h� hr
hs � hr

dw ¼
Z 1

h

1
ð1þ jawjnÞm dw ð23Þ

where h; hs and hr are the local, saturated and residual moisture
contents respectively, w is the suction head, m ¼ 1� 1=n and a
½m�1� and n are empirical parameters of the van Genuchten–
Mualem relationship. An alternative to Eq. (21) is an analytical
expression derived using the Green and Ampt (1911) approximation
give by

Sy;ef ¼
Ssty;ef

1þ ibP�1
: ð24Þ

To compare the above to our field test results for Sy;eq, we must
assess the parameters in Eq. (22). While K and Hw are obtained
fairly easily in the experiments of Cartwright et al. (2005), they
are difficult to predict in our field tests. The conductivity K should
represent the region near the water table and this may deviate sig-
nificantly from values of Keq ’ 5 � 10�4 m/s discussed previously.
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Hw is obtained via Eq. (23) using parameters a and n from Thoma
et al. (2014). The range of a and n for the BHRS given by Thoma
et al. (2014) is wide and the comparison we wish to hold may
change significantly. Therefore, in the analysis below we consider
a range of parameters. A value of Ssty;ef ¼ 0:02 from short-duration
pumping tests at the BHRS (Barrash et al., 2006) is taken consis-
tently in Eq. (22).

In Fig. 11 we present a comparison between our field test
results for Sy;eq (Fig. 8) and previous results given by Eqs. (21)
and (24). The black2 curve is obtained using representative values
of a ¼ 8:5 m�1; n ¼ 2:567 and K ¼ 1:33 � 10�3 m/s from Thoma
et al. (2014) (Table 3, M1). This leads to Hw ¼ 0:294 m and a ratio
of K=Hw ¼ 0:0045 s�1. It can be seen that the field test Sy;eq is signif-
icantly lower than that suggested by both theoretical and empirical
curves. However, the trend is in fairly good agreement. The dashed
curves show field test results with K=Hw chosen to optimize fit to
the theoretical curve for trend (red dashed curve) and Sy value (green
dashed curve). The optimized fit for trend is obtained by matching
slopes of linear interpolations. The curve optimized for trend results
in K=Hw ¼ 0:0072 s�1 and is seen to be fairly close to the representa-
tive parameters (black curve). The fit for values of Sy is obtained at

K=Hw ¼ 4 � 10�4 s�1 and the trend does not fully agree.

We note that all values of bP considered here by taking
4 � 10�4 < K=Hw < 0:0072 s�1 are possible considering reasonable
field site parameters. For the representative values (black curve
in Fig. 11), the disagreement of Sy;ef values with theory is yet to
be explained. Factors other than the capillary fringe effect may
be responsible, for instance, the magnitude of water-table
oscillations may impact Sy;ef . A small decrease in Sy;ef with smaller
water-table fluctuations has been previously shown in Cartwright
et al. (2005). More evidence of very low Sy;eq in oscillatory pumping
is also presented in Rasmussen et al. (2003), where the pumping
periods considered were a hundred times larger than here. This
also suggests that the cause is not period related. The above
discussion is inconclusive and further investigation on this matter
with additional field test data is warranted.
7. Summary and conclusions

In this work we present results from periodic pumping field
tests. First, we apply a procedure for data processing using a Fast
2 For interpretation of color in Fig. 11, the reader is referred to the web version of
this article.
Fourier Transform. Then, a semi-analytical solution for three-
dimensional flow in an unconfined and homogeneous aquifer
subjected to oscillatory pumping is used to estimate the aquifer
properties: conductivity K, specific storage Ss and specific yield
Sy. Equivalent conductivity Keq and specific storage Ss;eq are
estimated and found to be in good agreement with previous results
from this test site. The results presented here indicate that oscilla-
tory pumping tests may be used as an alternative to conventional
pumping tests. This is encouraging in view of the possibility of
using oscillatory hydraulic tomography to estimate aquifer hetero-
geneity, for which the present simple approach can serve as a first
step. Work on heterogeneity estimation using this method with
the current data is being conducted at this time.

We also investigate the dependence of equivalent properties on
the period of oscillation. We find that Keq and Ss;eq increase with
smaller period and seem to have small variations at large periods.
Similar behavior has been found in effective properties of random
media subjected to oscillatory flow. Future derivations of effective
properties for conditions resembling those of these field tests will
allow for a more detailed comparison. To provide a simple explana-
tion, we present in Section 5.1 calculations for effective conductiv-
ity in a very simple model of a single spherical inhomogeneity near
an oscillating head boundary. Results show a similar trend of
increasing effective conductivity with smaller period. This ‘‘toy”
model reveals a mechanism by which (in conditions of a
non-linear mean flow in the vicinity of an inhomogeneity of low
conductivity) raising the period of oscillation will increase flow
in the ambient media more than in the inhomogeneity (or decrease
flow in the ambient media less than in the inhomogeneity). As a
result of this tendency for flow to prefer the highly conducting
media and to avoid the low conductivity inhomogeneity, the
effective conductivity increases.

Finally, the impact of pumping period on the effective specific
yield is considered. From analysis of our field tests, we find that
values of Sy are much lower than those in constant rate pumping
tests and they decrease with decreasing period. The trend of
change in Sy with period is shown to be in reasonable agreement
with theoretical results based on laboratory experiments
(Section 6). This trend is a result of a capillary fringe effect acting
to limit the exchange of fluids between the saturated region below
the water table and the partially saturated region above. However,
it appears that the low values of Sy from our field test cannot be
fully explained by this effect. While we suggest a possible impact
of the magnitude of the water-table disturbance, further investiga-
tion is necessary on this matter. We note that low values of Sy , as
observed in this field test, may imply that the water-table
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movement can be neglected, reducing the problem to one of a con-
fined aquifer. This may simplify problems incorporating hetero-
geneity, saving computational time.

The study of parameter variation with period of pumping is
important due to implications on future pumping tests and also
because of the physical insight gained by understanding the mech-
anisms responsible for these variations. Future studies should
focus on Sy in oscillatory pumping and its variations with period.
Furthermore, deriving additional Kef and Ss;ef for realistic field con-
ditions will improve understanding and estimation of these prop-
erties. Finally, heterogeneity estimation using oscillatory
hydraulic tomography can be developed.
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Appendix A. Homogeneous aquifer solution

A semi-analytical solution to Eqs. (6)–(8) is derived in Dagan
and Rabinovich (2014) (for details on derivation see their Chapters
3.1 and 4). The exact solution is given by

HðR;zÞ¼ jQwj
K

Z �DwþLw

�Dw

G1ðR;z�z0ÞþG1ðR;zþz0Þ½ �dz0 þ jQwj
K

egðR;zÞ
ðA1Þ
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��
pJ0ðpRÞdp: ðA2Þ

Here, b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2piSs=ðKTÞ þ p2

p
; A ¼ 2piSy=P þ b; B ¼ 2piSy=P � b and

J0 is the order zero Bessel function of the first kind. The term
G1ðR; z� z0Þ in Eq. (A1) represents an oscillating point source in
an infinite medium located at R ¼ 0, z ¼ z0 (Carslaw and Jaeger
(1959) Eq. 10.4.12) and is given by

G1ðR; z� z0Þ ¼ � 1
4pr

exp �crð Þ; c ¼ pSsðiþ 1Þ
KT

ðA3Þ

jG1j ¼ 1
4pr

exp �pSsr
KT

� �
where r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ ðz� z0Þ2

q
. This solution reduces to the Laplace

equation Green’s function for Ss ¼ 0. If the impact of the water table
is negligible, i.e., Sy ¼ 0, solution (A1) reduces to that of a confined
aquifer, which is given in an alternative form by expanding the inte-
gral in Eq. (A2) to obtain a series of images (see, e.g., Dagan and
Lessoff (2011)), as follows

HðR;zÞ¼ jQwj
K

Z �DwþLw

�Dw

X1
m¼1

X2
n¼1

X2
l¼1

G1 R;zþð�1Þnz0 þ ð�1Þl �2mD
 �" #

dz0:

ðA4Þ
Here, the term G1 is defined by G1ðR; ZÞ ¼ exp �c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ Z2

ph i
=ð4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ Z2

p
Þ for any variable Z. In our calculations the number

of terms taken in the series in Eq. (A4) is chosen such that conver-
gence is achieved.
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